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Oh' Abstract 

D ■ 
r^, ■ In this work we employ a field theoretical approach to explain the nature of the non-conserved 

spin current in spintronics. In particular, we consider the usual U(l) gauge theory for the electromag- 
CN ' netism at classical level in order to obtain the broken continuity equation involving the spin current 

^ \ and spin-transfer torque. Inspired in the recent work of A. Vernes, B. L. Gyorffy and P. Weinberger 

1^ ■ where they obtain such equation in terms of relativistic quantum mechanics, we formalize their result 

P^ \ in terms of the well known currents of field theory such as the Bargmann-Wigner current and the chi- 

f^ ■ ral current. Thus, an interpretation of spintronics is provided in terms of Noether currents (conserved 

or not) and symmetries of the electromagnetism. In fact, the main result of the present work is that 
?^ ■ the non-conservation of the spin current is associated to the gauge invariance of physical observables 

where the breaking term is proportional to the chiral current. Moreover, we generalize their result by 

including the electromagnetic field as a dynamical field instead of an external one. 



'v3 ■ 1 Introduction 



Spintronics or spin-based electronics is part of the study of transport phenomena in condensed matter 
Physics, it explores the spin properties of electrons and its understanding plays an important role in the 
development of new electronic devices. Interesting effects as giant magnetoresistance and spin-Hall are 
extensively explored in order to produce some technological applications ||T]|2l[3l. Nevertheless, the non- 
conservation of spin current continue being a problem pi, ISl], at least from the theoretical point of view. 
The purpose of this work is not to solve that problem but to understand the origin of this non-conservation 
law under the theoretical framework of gauge field theories. 

It is known that some couplings in condensed matter can be understood as non-relativistic effects 
of a relativistic theory, for instance the non-relativistic limit of quantum electrodynamics predicts the 
existence of spin-orbital coupling and the exact value for the gyromagnetic factor which is a classic 
example [U. In ||5| the same technique was employed to obtain the broken continuity equation for spin 
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currents. In fact, this equation is derived from the non-relativistic limit of the time evolution of the 
Bargmann-Wigner operator tU, resulting in 

^+^,7^ = -^X^, (1) 

at m 

where s = (fy^acf) is the spin density, j i is the spin current, cp is the non-relativistic electron wave 
function and the rhs is the usual microscopic Landau-Lifshitz torque. The second term in the Ihs of ([T]) 
is the spin-transfer torque. The very same equation (O can also be obtained directly from the study of 
time evolution of s if one considers the Pauli equation for the electron lUl. It must be remarked that 
equation ([Hi can also be obtained from the gauge current of the SU{2) gauge theory (flavor current in 
weak interactions) by decomposing its continuity equation and rearranging the fields [9, JOJ. Thus, spin 
current flow can actually be casted into a continuity equation even though standard electromagnetism 
based on the U{1) gauge symmetry is substituted by its next non-Abelian extension. 

Roughly speaking, an electron is fundamentally characterized by its mass, charge and spin. These 
properties could be better understood from the point of view of symmetries in field theory fF], in which 
the Poincare group determines all information about the mass and spin of the particles; in fact the eigen- 
values of Casimir operators related to the Poincare group provides the mass and spin values of particles, 
which are irreducible representations of Poincare group [61. The mass is computed from the translational 
sector of the group while the spin is related to the subgroup that leaves the classical linear momentum 
invariant, the so called little group |6, 7|. On the other hand, the charges of these particles are related to 
the internal symmetries; the interaction process between matter and fields is realized when these internal 
symmetries are localized, giving birth to a gauge theory. 

In the present paper we consider the Maxwell-Dirac action and the currents associated with the gauge 
symmetry, chiral asymmetry and little group symmetry. The latter is commonly known as Bargmann- 
Wigner current whose generators are precisely those associated with the values of spin in the same way 
that the generators of the subgroup of translations are associated to the mass value of particles. Although 
conserved, the Bargmann-Wigner current is not gauge invariant and thus hard to be associated with 
physical observables. Thus, by evoking the gauge principle for electrodynamics we propose to restore 
the gauge invariance of the Bargmann-Wigner by substituting the ordinary derivative by the covariant 
one and thus associate it with a physical observable. The price that is payed is that the current is no 
longer conserved where the breaking term is identified with spin torque. Thus, those effects are regarded 
as natural consequences of this non-conservation law. Moreover, since the electromagnetic field is dy- 
namical we also obtain a similar equation for the photon. In that case it is shown that the photon spin 
current can be used to measure how the angle between electric and magnetic fields differs from tt/2. 
Also, if this current is non-zero it can be associate associate with a kind of magnetic monopole force. 

The paper is organized as follows: In Section 1 we define the starting action, the fields and symme- 
tries of electrodynamics (All this content are well know from text books, however it is necessary ti fix the 
notation and conventions). Section 3 is devoted to the restoration of gauge invariance of the Bargmann- 
Wigner current and the corresponding broken spin continuity equations. In Section 4 we provide the 
decomposition of these equations in space and time sector. Also in this section, the interpretation of such 
equations are performed. Finally, the conclusions are displayed in section 5. 



2 Maxwell-Dirac action and its symmetries 

We begin with the standard electromagnetic action, in four Minkowiskian dimensions, 

S = So + Sint + Sm , (2) 

where So is the Dirac fermionic action, Sint the interacting term and S'a/ the Mawell action, namely 

So = (fx iJ {i-i^d^, -171)11; , 



Sint = -e I (fx ip-i^ipA 



1 

4 



Sm = -- i d^x F^.Ft'^ . (3) 



The field strength is defined as F^i^ = d^Ay — d^A^, where A^ is the electromagnetic potential. The 
quantity e stands for the electromagnetic coupling constant. The field V' is a spinor field describing for 
electron excitations and ip its adjoint, V = V'^t'^- The Clifford algebra {'j^,^'^} = 2ri^^ allows the 
usage of Dirac representation for the 7-matrices and the metric tensor is defined with negative signature, 

7] = diag(+l, —1, —1, —1). Useful extra quantities are 7^ = 75 = «7'^7^7^7^ and a^'^ = | [7^^, 7"^]. 

From ^, one can extract the spinor field equations 

(i7^D/,-m)V = 0, 
V^ (i7'^^|, + m) =0, (4) 

where the covariant derivative is a diagonal matrix D^ = d^ + ieA^. For the electromagnetic field, the 
equations are 

d,F''>' = eV^7^^ , (5) 

recognized as the inhomogeneous Maxwell equations. The homogeneous Maxwell equations, dyF'^^^ = 
0, are obtained from the topological properties of the theory, where the dual field strength is defined as 

The U{1) local symmetry is characterized by the set of transformations 



(5g^ = 


= —ieaip , 


Sgi^ = 


= ieail) , 


^9\ = 


= d^a , 



(6) 

where a is a spacetime dependent parameter. The action (O is invariant under gauge transformations and 
the associated off-shell conserved current io 

j; = e?7''V' , (7) 

It follows from Noether's theorem that d^j'^ = 0, expressing the electric charge conservation. 

*We are using the following definition for the Noether current 



J^ = 



d{d^<t> 



-)^'^^-{d(§^)^-''^^-^"^)^''^ 



where £ is the Lagrangian and A a general collective index characterizing the indices of the fields as well as the sum over all 
fields. 



Another well known fact in electrodynamics is the presence of the chiral symmetry for massless 
fermions. The Chiral transformations are defined as 



5cip = 


= —ia'^^il) , 


6cip = 


= —iatp'-f^ , 


<cAi, = 


-- 0, 



(8) 
where a is now a constant parameter. The chiral non conserved current is easily computed as 

gf^ ^ ^^M^5^ ^ (9) 

which leads to the broken continuity equation d^S'^ = limil:^^ ip . 

Finally, the third set of transformations relevant to this work originates from the little group sector of 
the Lorentz group, H C 5L(2, C). The generators of the Poincare group are denoted by P^ = id^ for 
translations and J^y = L^^, + I^^, for the Lorentz sector. Here, L^^, is taken as the angular momentum 
part, Lfj_y = i {x^d^ — x,^dfj_), while 1^,^ is associated to the internal angular momentum, i.e., the spin. 
The Poincare algebra is: 

[Pf.,P.] = 0, 

['Jfiuj <^a/3j — '^fiCfJufi Vfi/B'^ua Vi'ot'JfilS ~r ^u/S'-'^a ) 

The Uttle group can be understood as a Lorentz transformation that maintain invariant the linear momen- 
tum, i.e. 

W^ = -le/^-"^J,,P^ = _ie/^-"/3/,„p^ . (11) 

Thus 



[W^, W] 


= 0, 




[^/..,W^"] 


= ii^u'Hi.p- 


- <5^^./3) W^ , 


[H^^Pa] 


= 0, 





(12) 

emphasizing the subgroup character of the little group as well as the fact that i? is a stability subgroup 
of the Poincare group. 

For fermions, it is easy to find ISJ I^y = a^i^/2, providing 

^/ = -^e'"'"''^-^/? = {l^'^y^'Pu , (13) 

recognized as the Pauli-Lubanski vector where the index / denotes its fermionic character. The little 
group transformations are then 

Slip = -iuj^W^ip , 

6i'^ = -n^iv^fiOf,, (14) 



with oj^ a set of constant real parameters. The related Noether current is a second rank tensor field, the 
so called Bargmann-Wigner tensor 



T't" = ^Ij-i^'W'^^ . (15) 



For the electromagnetic field, the Pauli-Lubanski vector readqll 

Wr'' = -^e^^''"^Pp, (16) 

where the index b characterizes its bosonic behavior. The little group transformation for A^, 

6iA^ = iuj''Wb^,o.A'' . (17) 

Thus, for the vector field the corresponding Bargmann-Wigner current is 

and the full Bargmann-Wigner conserved current is then 



rpHU rppiV I rp^V 



Q rj^t^U ^ Q _ ^^gj 



3 Restoring the gauge invariance of Bargmann-Wigner tensor 

It turns out that, in contrast to gauge and chiral currents, T'^'^ is not a gauge invariant quantity, 

SgT^"" = 5gTf = -ielp-f^" (Wa) V' , (20) 

and thus, from the gauge principle, it cannot be associated to a physical observable. The gauge nature 
of electrodynamics automatically forbids T'^'^ to be a physical quantity. Moreover, it is evident that it is 
only the fermionic sector Tr"^ that breaks gauge symmetry. To circumvent this problem we generalize 
Tr''^ to its simplest gauge invariant extension by replacing the ordinary derivative by the covariant one, 
i.e., the Pauli-Lubanski vector is replaced by 

W; = -^7^^^!), , (21) 

implying that the gauge invariant fermionic Bargmann-Wigner current is now 

Tf = ^^j'^ra-^D^^P , (22) 

Thus, since the electromagnetic sector is already gauge invariant, the full gauge invariant Bargmann- 
Wigner current is 

and now SgT^"" = 0. 

If in one hand we have the gauge invariance, in the other hand T^'^ is not conserved anymore. 
However, it is indeed an observable of the theory, just like S^ which is not conserved but it is gauge 
invariant. In fact, it can be straightforward shown that 

duTj^ = ^S.F^^ , (24) 



^It follows from the spin part of the Lorentz generator for a vector field, a^""'^ = {rj'^^rj"^ - rf^^rf°')l'l. 



where the field equations (01) were used. For the bosonic sector it is easy to show that, 

duT^ = \lr^'^'^ ' (25) 

where © was used and 7^''" is the dual U{1) current, j^'"^ = e^"'°'^jf}/3\. 

A few comments are in order: First, equations (l24l ) and ( |25] ) expresses the non conservation of the 
gauge invariant Bargmann-Wigner currents, and hold separately, since they are obtained independently of 
the continuity equation (IT9l ). Second, equation (l24l) is in fact the covariant version of the result obtained 
in im, which associates the Bargmann-Wigner current with spin currents and spin-torque transfer effects 
when the electromagnetic field is strictly external. Third, equation (IT9l ) is an extra equation, expressing 
the little group symmetry, that always holds independently of (|24l) and 



4 Spacetime decomposition 

In order to provide a more intuitive understanding of (|24l) and (1251 ) it is useful to decompose these 
equations into space and time sectors. We start by considering fermionic equation (l24l ). Following lU, 
the decomposition is 

Tf' = -^v^s^AV' = -It, 

Tf = -^V^a*S^Z?,V = -\t\ 
■> 1 \ m J 1 

r/ = l^v (/3s^- + l^s^:') ^ = -^r^, (26) 

where fermionic field equations ^ have been used once again. In ( [26] ) we have employed the standard 
notation of 7-matrices: /3 = 7°, a' = 7%* and S* = -y^j^f. Thus, d^Tj'' = d^l^^ + djT}^ sphts 
into 

5.77° = -\[dQT+diV] , 

B-Tp = -:^[BaJ'+BjJ"] , (27) 



ot 
^ + ^-y = ^(^xt-So-^) . (28) 



and, from (124] 



dt 



m 



in complete accordance with |[5|. It is worth mention that the extra two equations discussed in Q for the 
auxiliary density defined by the authors are simply the on-shell chiral equation discussed in Sect.2 and 
its dual version. The second of (l28l) is then directly identified with ([T]). Thus, T* and J''^ are identified 
with the relativistic generalization of the spin density and spin current, respectively. This identification 
were formally shown in [5J. Also in [5], the first and second order relativistic corrections to ([B were 
computed and associated with a contribution to the spin-Hall effect. 



The bosonic current decomposition is much simpler since 

Tj^" = Tr]f"' , (29) 

where T =E -B . Thus, equation (1251 ) decomposes as 

-dt = -q'^-^' 

^T = ^ (^-pt + t/ X ;^) , (30) 

where p = j'j- 

In a great number of systems the magnetic and electric fields are mutually orthogonal implying that 
in general Tj^'^ = 0. In that case we have then 



1-^ t 



JfB = 0, 

I'fxE (31) 

P 

Those are consistent classical relations, in fact, if j = pv, we achieve B =v xE , which is the electric- 
magnetic field relation encountered for a moving particle with constant velocity. However, it could be 
the case that the electric and magnetic field are not mutually orthogonal and then generate a spin flow for 
the photon. 

5 Conclusions 

By considering the usual gauge theory for electrodynamics we were able to provide a more fundamental 
physical meaning for the currents encountered in f5^. Further, we have generalized the results of |5| to 
include a dynamical electromagnetic field. Our results are described in what follows. 

Instead of considering a relativistic quantum mechanical approach, we worked in a gauge theory 
framework by considering the usual electrodynamics action as a C/(l) gauge theory, both techniques be- 
ing expected to be equivalent. Thus, spin currents might be important also outside spintronics. Formally, 
our results are based on the symmetries of QED. It is valid to remark that the gauge symmetry is of great 
importance in obtaining (|24l) . i.e. , the role of gauge symmetry lies in the generation of a non-conservative 
law of nature. 

The equation that describes the relativistic generalization of spin current dynamics encountered in 
||5l is given here in a Lorentz covariant form, (|24]) . Moreover, this equation and also the current T/"', are 
gauge invariant, in contrast to the continuity equation for the Bargmann-Wigner tensor ( fT9l ). This prop- 
erty ensures the interpretation of spin currents as physical observables of the theory. Another interesting 
point that emerges from the covariant description here presented is that the spin current and spin-torque 
transfer are components of the more general gauge invariant Bargmann-Wigner current. Moreover, in 
the rhs of (|24l) it is evident that the chiral current plays a fundamental role in the spin dynamics. Further- 
more, it is not difficult to show that for massless fermions equation (l24l ) is also valid off-shell, a property 
that is always welcome for a quantum description of a field theory. 

An additional result is provided by the equations for the spin current T^^^ related to electromagnetic 
field, namely (l30l ). It can be visualized as a measure of non-perpendicularity between electric and mag- 
netic fields.From (l29l ) we can infer that T is the scalar function that determines the photon spin flow. 



From the first of (l30l ) we it is evident tfiat, in a system were the magnetic fieid is not orthogonai to the 
charge current there wiii be a time varying photon spin flow. And from the second of (l30l ) a gradient of 
spin emerges due to a kind of magnetic monopole force. This equation suggests then that, if the fields 
E and B and the current j are not mutually orthogonal, an effective magnetic monopole with charge 
Pm = — p/3 and jm = jf/S emerges generating a spin gradient for the photon. Under this scenario T 
can be interpreted as a potential function for this monopole force. 



Finally, we wish to remark that, in despite of its interpretation, expression ((24]) in the covariant form, 
or in the space-time decomposition form Q, was already known in the literature ifTTIl . 
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